ABSTRACT. We prove that the extent partitions of a formal context K := (G, M, I) can be constructed from the box extents of it, which form a complete atomistic lattice. K is called a one-object extension of the subcontext (H, M, J) if it is obtained by adding a new element with attributes in M to the set H. We investigate the interplay between the box extents of (H, M, J) and those of its one-object extension K, and describe those extent partitions of (H, M, J) which can be extended to K. 
For partitions π 1 and π 2 of G we write
iff each class of π 1 is contained in some class of π 2 . We then say that π 1 is finer than or equal to π 2 , or, equivalently, that π 2 is coarser than or equal to π 1 , and sometimes, that π 1 is a refinement of π 2 . With this refinement order, the partitions of G form a complete lattice. In particular, any partitions π 1 , π 2 of G have a coarsest common refinement, given by A is called the extent and B the intent of the formal concept (A, B) (see [1] ). The extents are precisely the intersections of attribute extents, and the intents are precisely the intersections of object intents. It is well known that B(G, M, I) is a complete lattice where the meet and the join operation are given by ).
An element p of a complete lattice L is called completely join-irreducible if for any x t ∈ L, t ∈ T , p = {x t | t ∈ T } implies p = x t 0 for some t 0 ∈ T . This excludes the zero element, since it is always join-reducible using T := ∅. A formal context (G, M, I) is called object reduced if γ(g) = γ(h) always implies g = h (object clarified ) and each concept γ(g), g ∈ G is completely join-irreducible.
The empty set must be an extent of every object-reduced formal context, because g ∈ ∅ implies that γ(g) is the zero element of the concept lattice.
An extent partition of a formal context (G, M, I) is a partition of G, all classes of which are concept extents. The trivial partition, {G}, clearly is an extent partition. Note that, since the intersection of extents always yields an extent, the common refinements of extent partitions are again extent partitions. Therefore the extent partitions of (G, M, I) form a complete ∧-subsemilattice of the partition lattice of G, and thus a complete lattice. In particular, there is always a finest extent partition of (G, M, I). We denote it by π .
The motivation for investigation of extent partitions naturally arises in Cluster Analysis aiming to form clusters characterized by the attributes of their elements. This task transparently appears in some clustering problem originating in Group Technology. This engineering discipline exploits similarities between technological objects and divides them into relatively homogenous groups in order to optimize manufacturing processes. One of the basic objectives is to find the type-partition of the technological objects (introduced first empirically by Mitrophanov [3] ) which corresponds in fact to the finest extent partition π (of the related object-attribute context).
In [4] , a more abstract version of this notion was investigated: Let L be a complete lattice. A nonempty set
The role of classification systems has been discussed in [4] , with reference to the dual construction used by R. Wille [6] . The definition was motivated by the following result: These results shall become more transparent in the following section.
Box extents
Let us call a set E ⊆ G a box extent of the formal context (G, M, I), if E is a class of some extent partition of (G, M, I), or E = ∅ in case that ∅ = ∅. (Note that if ∅ = ∅ , then {G} is the only extent partition of (G, M, I).)
Observe that each object g ∈ G is contained in a smallest box extent, denoted as g , which is the class containing g of the finest extent partition π of (G, M, I). Clearly, an extent E = ∅ is a box extent iff it is a union of some classes of π . In other words E is a box extent iff
The intersection of box extents is a box extent.
P r o o f. If ∅ = ∅, then G is the only box extent of (G, M, I) and we are done. Assume that ∅ = ∅, and let {E t | t ∈ T } be a family of box extents. Then t∈T E t is an extent and
EXTENT PARTITIONS AND CONTEXT EXTENSIONS
As a consequence, the box extents form a closure system and therefore a complete lattice (cf. Theorem 1.2). This lattice is better understood with the following construction:
Starting from a formal context K := (G, M, I) we define a new formal context
Note that no conflict of notation is caused by this definition. The object extent in K of an object g is indeed g . Although K has the same size as K, it may be considerable simpler, since it is not "object-clarified", unless g = h implies g = h. This does, however, not mean that K has fewer concepts than K.
Ì ÓÖ Ñ 2.2º
The following are equivalent:
(2) E is an extent both of K and K . P r o o f. If E is a box extent of K, then clearly E is also an extent of K with, say, E = B. As E = B and since g ∈ E is equivalent to g ⊆ E, we get that B = E, which proves that E is an extent also of K .
Conversely, assume that E is an extent of both K and K . Then e ∈ E implies e ⊆ E, since E is an extent of K . Thus E is a union of some classes of π . So
is a partition of G, and since E is an extent of K, it is an extent partition of K. Therefore E is a box extent of K.
What Theorem 2.2 says is that the closure system of box extents of K is just the intersection of the two closure systems of extents of K and of K . This intersection can also be described as the system of extents of some formal context
But we do not know of a natural construction for K C , other than computing all box extents of K, selecting from the set N of all ∩-irreducible ones as attributes, and taking J = ∈ as incidence relation. In fact we can not exclude that the number of irreducible box extents may be exponential in the size of K. Nevertheless, summarising the above information, we get something useful:
ÓÖÓÐÐ ÖÝ 2.3º
(1) B(K C ) is a complete atomistic lattice. The atomic box extents are the classes of the finest extent partition π of K.
(2) The extents of K C are precisely the box extents of K.
(3) The extent partitions of K C are precisely the extent partitions of K.
The algorithmic construction of the finest extent partition was discussed in [2] . The algorithm works as follows:
Ð ÓÖ Ø Ñ 1º Algorithm for finding the finest extent partition F of a given
while there are
Note that this can be done in O(|G| 2 · |M |) steps. Finding the finest extent partition therefore is easy. The same method can be used to find the finest extent partition coarser or equal an arbitrary given partition π := {G t | t ∈ T }: simply start with F := {G t | t ∈ T }.
1-symmetric closure systems
That a closure system as lattice is atomistic is not sufficient for the atomic closures to partition the base set, as the trivial example ∅, {a}, {b}, {a, b, c} shows. The difference however disappears in the reduced case:
is a box extent. P r o o f. If K is object reduced then ∅ is an extent and the atomic extents must be mutually disjoint. Now assume that B(K) is atomistic and suppose that for some object g ∈ G the extent g is not the extent of an atom. Then (g , g ) must be a proper join of atoms and therefore g be reducible, a contradiction. Hence each g , g ∈ G is an atomic extent, and G = {g | g ∈ G} implies that {g | g ∈ G} is the smallest extent partition. Thus in this case g = g , for all g ∈ G. If E is an arbitrary extent and g / ∈ E, then g ∩ E = ∅, because otherwise there would be some e properly contained in g . Thus E is a box extent. Now assume conversely that every extent is a box extent. Should for some h ∈ G the set h not be an atomic extent, then there must be some h 0 ∈ G for which h 0 is a proper subset of h . Since h 0 is a box extent, h 0 ⊆ h 0 , thus h 0 is a proper subset of h . But then
would be a proper partition of h and h would be reducible. Since this contradicts the assumptions, each h must be an atom and thus B(K) is atomistic.
Actually a slightly weaker condition suffices, namely that the closure system of extents is 1-symmetric, which means that for all object a and b it holds that a is in the closure of b iff b is in the closure of a. Loosely spoken this means that B(K) is atomistic and, in addition, K is object reduced "up to clarification". Quite obviously we have ÈÖÓÔÓ× Ø ÓÒ 3.2º K = K iff the closure system of extents of K is 1-sym-
metric.
The proof is clear.
ÈÖÓÔÓ× Ø ÓÒ 3.3º
The closure system of box extents of K is the largest 1-symmetric sub-closure system C ⊆ Ext(K). P r o o f. The closure system C of box extents clearly is a 1-symmetric sub-closure system of Ext(K). Suppose now that D also is a 1-symmetric sub-closure system of Ext(K). The D-closures of arbitrary elements g ∈ G are of the form
and form a partition, since D is 1-symmetric. This partition is refined by the finest extent partition
and thus
Consequently for any extent D ∈ D we find that
and thus D ∈ C.
Extent partitions of a subcontext
Let K := (G, M, I) be a formal context, and let H ⊆ G and N ⊆ M . First, we shall investigate the interplay between extent partitions of K and those of the subcontexts (G, N, I ∩ G × N (1) The box extents of (G, N, I ∩ G × N ) are also box extents of (G, M, I).
(2) The finest extent partition of (G, M, I) refines that of (G, N, I ∩ G × N ).

ÈÖÓÔÓ× Ø ÓÒ 4.3º If
π := {A k | k ∈ K} is an extent partition of K, then π H := {A k ∩ H | k ∈ K} \ {∅}
is an extent partition of the subcontext (H, M, I ∩ H × M ). P r o o f. Clearly, π H is a partition of H, too. It is a general fact that for every extent E of (G, M, I) the restriction E ∩ H is an extent of (H, M, I ∩ H × M ).
In particular each A k ∩ H is an extent of the subcontext.
The extent partition π H defined in Proposition 4.3 is called the restriction of π (to the subcontext (H, M, I ∩ H × M )), and conversely, we say that the extent partition π is an extension of π H to the context (G, M, I).
As a consequence of Proposition 4.3 we obtain the following:
ÓÖÓÐÐ ÖÝ 4.4º (1) If E is a box extent of (G, M, I) then E ∩ H is a box extent of (H, M, I ∩ H × M ). (2) The finest extent partition of (H, M, I ∩ H × M ) refines that of (G, M, I)
restricted to H.
ÈÖÓÔÓ× Ø ÓÒ 4.5º If H = G \ {z} for some z ∈ G and if E is a box extent of the context (G, M, I) then (1) E is a box extent of (H, M, I ∩ H × M ) with E ∩ z = ∅, or (2) z ∈ E and E \ {z} is a box extent of (H, M, I ∩ H × M ). P r o o f. By Corollary 4.4(1), E ∩ H is a box extent of (H, M, I ∩ H × M ).
(1) If z / ∈ E then E ∩ H = E, and since E is a box extent we get E ∩ z = ∅.
Remark 1º For any set A ⊆ H it holds that A ∩H is the smallest extent of the subcontext (H, M, I ∩ H × M ) containing A.
In the case H = G \ {z}, z / ∈ A , this extent is equal to A .
Using this remark, we shall show that when constructing the finest extent partition of (G, M, I) from G\{z}, M, I∩(G\{z})×M , the only new ingredient is z .
ÈÖÓÔÓ× Ø ÓÒ 4.6º If H = G \{z} then A is a class of the finest extent partition π of (G, M, I) if and only if (1) either A = z , or (2) A is a class, disjoint from z , of the finest extent partition of the subcontext (H, M, I ∩ H × M ).
P r o o f. A class A of π is either equal to or disjoint from z . In the latter case it is a box extent of (G, M, I) and therefore, according to Corollary 4.4, a union of some classes A j , j ∈ J of the finest extent partition of (H, M, I ∩ H × M ).
Since each A j , j ∈ J is an extent of (H, M, I ∩ H × M ) and since z / ∈ A ⊇ A j , in view of Remark 1 we get A j = A j for all j ∈ J, i.e. each A j , j ∈ J is an extent of (G, M, I), too. Would there be more than one such class A j (i.e. |J| ≥ 2), then replacing A by these classes would yield an extent partition of (G, M, I) finer than π , which is impossible. Therefore, A must coincide to a class, disjoint from the class z of the finest extent partition π H of (H, M, I ∩ H × M ), and all these classes of π H are needed for π .
One-object extensions of a context
Let (G, M, I) be a formal context, and let (H, M, I ∩ H × M ) be a subcontext of it. We say that (G, M, I) is a one-object extension of (H, M, I ∩ H × M ), if there exists a z ∈ G such that H = G \ {z}. In this section we will show how the box extents of (G, M, I) can be derived from those of (H, M, I ∩ H × M ).
Let us call a subset P of H = G \ {z} a premise for z iff z ∈ P . Note that, in view of Remark 1, an extent of (H, M, I ∩ H × M ) is either a premise for z, or is an extent of (G, M, I), as well.
Ì ÓÖ Ñ 5.1º If H = G \ {z}, then E is a box extent of (G, M, I) containing z if and only if the following conditions are satisfied:
(1) E is an extent of (G, M, I) containing z, (1) is obviously satisfied, Condition (2) follows from Proposition 4.6 and Condition (3) is verified as follows: Let A be a class of the finest extent partition of (H, M, I ∩ H × M ). According to Corollary 4.4, A is either contained in E or in some box extent of (G, M, I) disjoint from E. If A is a premise for z, that is z ∈ A , then the second possibility is excluded, and A must be contained in E. Conversely, assume that the three conditions are satisfied. Then E is an extent (by (1)), the complement of E is a disjoint union of classes of the finest extent partition of (H, M, I ∩ H × M ) (according to (2) ) and all these classes are extents of (G, M, I) (because they are, as a consequence of (3), no premises for z). These classes, together with E, constitute an extent partition of (G, M, I). Thus E is a box extent. 
with the property that E \ {z} is a union of classes of the finest extent partition of (H, M, I ∩ H × M ).
The situation is analogous that of Theorem 2.2: we have to consider two closure systems simultaneously and search for a common closure. z is the closure of P 
repeat ready:= TRUE; (1) If E is a box extent of (G, M, I), then E = E and E is a disjoint union of some classes of π . As z / ∈ E, the class z can not belong to this union,
As z / ∈ E , by Remark 1 we get E = E. If E = ∅, then E is a box extent of (G, M, I). Assume E = ∅. As E is a box extent of (H, M, I ∩ H × M ), E is a disjoint union of some classes of the finest extent partition of (H, M, I ∩ H × M ). Since z ∩ E = ∅, each of these classes is disjoint to z . Hence, in view of Proposition 4.6(2), all these classes belong to the finest extent partition π of (G, M, I). Therefore, E is a box extent of (G, M, I).
(2) Let E * = E ∪ {z} be a box extent of (G, M, I). Then Theorem 5.1 and Corollary 5.2 imply (E ∪ {z}) = E ∪ {z} and z \ {z} ⊆ E. Conversely, assume that (E ∪ {z}) = E ∪ {z} and z \ {z} ⊆ E. Then E * = E ∪ {z} satisfies the conditions (1) and (2) 
end Remark 2º According to the above algorithm, the box extents of a finite context K = (G, M, I) can be constructed inductively, using one-object extensions only, i.e. starting from a subcontext (A 0 , M, I 0 ) of K with a few elements, and adding step by step to the actual subcontext ( 
Now, there are two cases possible:
(a) There is a k * ∈ K with A k * ∩ H = ∅,
Case (a) means that A k * = {z} and z / ∈ A k for k ∈ K \ {k * }, since the sets A k , k ∈ K are pairwise disjoint. These relations and ( * ) imply K \ {k * } = T and E t = A t ∩ H = A t , for all t ∈ T . Thus, in this case π * = {z} ∪ {E t | t ∈ T }.
Case (b) implies K = T and A t ∩ H = E t , t ∈ T . As z ∈ A t 0 for some t 0 ∈ T , we get A t 0 = E t 0 ∪ {z}, and z / ∈ A t , for all t ∈ T \ {t 0 }, because the sets A t , t ∈ T are disjoint. Hence A t = A t ∩ H = E t , for all t ∈ T \ {t 0 } and we obtain π * = E t 0 ∪ {z} ∪ E t | t ∈ T \ {t 0 } . (1) {z} = z and E t = E t , for all t ∈ T ;
(2) There exists a t 0 ∈ T such that (E t 0 ∪ {z}) = E t 0 ∪ {z} and E t = E t , for all t ∈ T \ {t 0 }.
ÓÖÓÐÐ ÖÝ 5.8º
Let K be a one-object extension of its subcontext K 0 by an element z with P ∪ z = ∅. Then an extent partition π := {E t | t ∈ T } of K 0 can be extended to the context K if and only if there exists a single t 0 ∈ T such that E t 0 is a premise for z. P r o o f. Suppose that π can be extented to an extent partition π * of K. Since P ∪ z = ∅ implies z = {z}, in view of Corollary 5.7, there is a t 0 ∈ T such that (E t 0 ∪ {z}) = E t 0 ∪ {z} and E t = E t , for all t ∈ T \ {t 0 }. As now E t 0 ∪ {z} is a box extent of K, by Theorem 5.1 we have P ∪ z ⊆ E t 0 . Thus we get z ∈ (P ∪ z ) ⊆ E t 0 , and z / ∈ E t for t ∈ T \ {t 0 }, and this means that E t 0 is the only premise for z.
